In this paper, we study the blood flow dynamics in a three-dimensional (3D) idealized left ventricle of the human heart whose deformation is driven by muscle contraction and relaxation in coordination with the action of the mitral and aortic valves. We propose a simplified but realistic mathematical treatment of the valves function based on mixed time-varying boundary conditions (BCs) for the Navier-Stokes equations modeling the flow. These switching in time BCs, from natural to essential and viceversa, model either the open or the closed configurations of the valves. At the numerical level these BCs are enforced by means of the extended Nitsche's method [A. Tagliabue et al., MATHICSE report, 2015]. Numerical results for 3D idealized left ventricle obtained by means of Isogeometric Analysis are presented, discussed in terms of both instantaneous and phase-averaged quantities of interest and validated against those available in literature, both experimental and computational. The complex blood flow patterns are analysed to describe the characteristic fluid properties, to show the transitional nature of the flow, and to highlight its main features inside the left ventricle. The sensitivity of the intraventricular flow patterns to the mitral valve properties is also investigated.
Introduction
In the last decades, several studies have been performed to understand and describe the morphology and functioning of the heart through numerical simulations; see e.g. [66] for an overview. Focusing, specifically, on the left ventricle (LV) -which plays a fundamental role in the cardiac activity by distributing oxygenated blood to the body through the aorta -growing attention has been dedicated to the blood flow dynamics. This is also made possible by the recent technological advances in medical imaging techniques [71] , e.g. phase-contrast magnetic resonance imaging [50, 47] and echocardiography [38, 49] . However, these techniques still present some drawbacks as e.g. a relatively poor spatio-temporal resolution, which prevents the analysis of small-scale instabilities and locally fast flow variations, the presence of aliasing artefacts and the output of phase averaged flows quantities, which neglect beat to beat variations [16] .
Mathematical and computational models assume a relevant role in providing accurate descriptions of the blood flow features and in performing simulations in both idealized configurations [2, 3, 23, 24, 25] or in subject-specific cardiac geometries [16, 82] . Several challenges arise. The LV chamber has a complex shape; moreover, it expands and contracts by experiencing large displacements driven by a complex electrical-fluid-structure interaction mechanism. The blood flow, mainly regulated by the action of the valves, features different regimes, varying along the heartbeat from laminar to transitional, and eventually turbulent. Because of these aspects and the general lack of accurate clinical data describing e.g. the mechanical properties of the wall or the blood flow profile through the mitral valve, several simplifying assumptions need often to be made.
In this work, we present a numerical study of the hemodynamics inside the LV by considering an idealized geometry represented by a truncate prolate ellipsoid, which is considered in literature [2, 3] as sufficiently accurate to represent the average endocardial shape of different human subjects. Moreover, the motion of the LV cavity, which is completely characterized by the time variations of the upper diameter and of the major semi-axis of the ellipsoid, is prescribed by a wall law derived from a simple elastic model coupled to a flow-discharge function, in the framework of [2, 3] . Our model focuses on a simplified but realistic treatment of the valves, which are considered as orifices of infinitesimal thickness located on the boundary of the LV domain. Due to their role in regulating the flow inside the LV and to their strong influence on it, several models have been proposed in literature to account for the valves in a realistic and physiologically meaningful manner. In particular, the valves are modeled as immersed surfaces in the fluid either in a restricted area near the valves [31, 40, 42, 53] or in full left heart models [1, 16] . In this work, following [76] , we model the valves function as boundary conditions (BCs) for the Navier-Stokes equations which mathematically describe the blood flow by considering a 3D LV chamber with the valves located on its boundary. This leads to some mathematical and numerical challenges, since the open and closed configurations of the valves involve the treatment of BCs switching from essential to natural and viceversa during the heartbeat. We use mixed time-varying (MTV) BCs for the Navier-Stokes equations in the Arbitrary Lagrangian Eulerian (ALE) formulation and we embed them in the variational formulation of the problem in the framework of the extended Nitsche's method (ENM), as done in [76] for a two-dimensional problem. By using our method, the Galerkin formulation of the problem involves time independent function spaces, the switching in time between the Dirichlet and defective BCs of natural type is straightforward, and the imposition of the boundary data is fulfilled by using a penalty technique.
In order to asses the capability of our valves modelling approach, we numerically compute the 3D blood flow in an idealized LV focusing on the treatment of the mitral valve. Indeed, it has been highlighted from visualizations [10, 68] that the shape and the size of the mitral valve, as well as the inlet flow profile, could severely affect the intra-ventricular vortex structures. Therefore, we perform the comparison of the intra-ventricular flow pattern either by considering different shapes (circular or elliptic) for the mitral valve or by imposing a prescribed inlet velocity profile. Our numerical study considers several fluid dynamics indicators by synthetic quantities -such as the total kinetic energy or the enstrophy -and detailed local information in space and time by accounting for e.g. the vorticity and the fluctuating kinetic energy. Our analysis shows that the blood flow in the LV is neither laminar nor fully turbulent and thus requires a suitable modelling accounting for its transitional nature; in the present work we use the Variational Multiscale Method with terms accounting for LES turbulence modeling [5] . The outline of this work is as follows. The mathematical model for the blood flow description in an idealized LV is presented in Sec. 2. In Sec. 3, we detail its numerical approximation and the MTV BCs for the Navier-Stokes equations with their approximation by means of the ENM. In Sec. 4, we present and discuss the simulated blood flow patterns, including a comparison of the different models of the mitral valve. Conclusions follow.
Modeling of blood flows in an idealized left ventricle
We present the mathematical model describing the blood flow in a 3D idealized LV represented by a truncate prolate ellipsoid [2, 79, 82] which expands and contracts during the heartbeat. Such geometry, which can be exactly represented by NURBS, is described in Sec. 2.1, and with its prescribed evolution in time in Sec. 2.2. The Navier-Stokes equations in Arbitrary Lagrangian Eulerian (ALE) formulation [6, 26, 27, 28, 32, 33] are recalled in Sec. 2.3. Finally, in Sec. 2.4, we illustrate the modeling of the valves as BCs of the Navier-Stokes equations.
Left ventricle geometry and wall displacements
The idealized LV is computationally represented as a time-dependent domain Ω ptq Ă R 3 , half of a prolate ellipsoid, which is completely characterized by the lengths of its major and minor semi axes [3, 24] . With this aim we introduce the time dependent functions D : p0, T q Ñ R and H : p0, T q Ñ R, representing the height and the upper plane diameter of the ellipsoid, respectively; see Fig. 1 . We assume the reference configuration p Ω at the time instant corresponding to the beginning of the diastolic filling phase, for which the initial diameter is Dp0q " D 0 " 3.4 cm, yielding the base of the ellipsoid at the initial configuration defined, in Cartesian coordinates, as px, y, zq : x 2`y2 ď 2.89 cm 2 , z " 0 ( . The quota z " 0 of the base of the ellipsoid is kept fixed, with the apex moving during the heartbeat. The height of the ellipsoid is set to H 0 " 2D 0 , i.e. Hp0q " H 0 " 6.8 cm. For the idealized human LV, the ratio H{D is about 1.7÷2 [16, 24, 55, 82] , which varies in this range during the heartbeat, as shown e.g. in Fig. 2c , according to some law prescribing the LV wall movement.
We exactly represent the 3D LV as a NURBS geometry comprised of basis functions of degree p " 2 starting from the geometry represented in Fig. 1b and moving the control points located on the red control polygon such that dx " D 0 {2 and dz " 0. We enforce the periodicity of the basis functions through master-slave relations among the degrees of freedom (DoFs) -now located across the inner degenerated face -by suitably triggering the properties of NURBS basis functions; in fact, the NURBS basis functions are C 1 -continuous in Ω ptq , with C 0 -continuity only at the degenerate axis corresponding to the centerline of the ellipsoid.
Prescribed wall displacement of the LV
As this work focuses on the fluid dynamics of the LV rather than on the description of the LV wall behaviour or the fluid-structure interaction, following [2, 3] , we prescribe a priori the LV wall displacement. Specifically, we consider a simple elastic membrane model derived from a generalized Laplace's law coupled to a given flow-discharge profile [3, 24] . By considering a simplified elastic membrane model for the LV wall and by enforcing the equality of the volumetric flow rate through the LV volume variation, i.e. Qptq " dV dt ptq for all t P p0, T q, we obtain the system of ODEs in the unknowns D : p0, T q Ñ R and H : p0, T q Ñ R reading:
find Dptq and Hptq :
where t " 0 corresponds to the end systolic phase, and Q is the one reported in Fig. 2a , as obtained from [3] . Here, we set the heartbeat period to T " 0.8 s. The flowrate profile Qptq under consideration has been adapted from clinical data; positive values of Q correspond to the diastolic phase in which the LV expands, while negative values of Q to the systolic phase in which the LV contracts. We observe that during the filling phase, the curve Qptq is characterized by two maxima corresponding to the early LV filling (E-wave) and the secondary filling, mainly associated to the atrial contraction (A-wave). From Qptq we obtain the volume evolution V ptq for a healthy 3D LV represented in Fig. 2b for the initial data of the system of ODEs (2.1) D 0 " 3.4 cm and H 0 " 2D 0 .
We observe that the values reported in [29] for the end systolic volume (ESV " 53˘20 cm 3 ) and end diastolic volume (EDV" 137˘32 cm
3 ) are correctly reproduced by our model. Once Hptq and Dptq are set by solving problem (2.1), ( as we did by means of the explicit Runge-Kutta method [14] ) we introduce the dilation functions λ : p0, T q Ñ R and µ : p0, T q Ñ R given by λptq " 
Dptq

Navier-Stokes equations in ALE formulation
By assuming a Newtonian rheological behaviour for the blood, we mathematically describe the blood flow by means of the incompressible Navier-Stokes equations in ALE formulation [26, 27, 28, 32, 33] as the LV experiences large deformations along the heartbeat. We denote as φ ptq : p Ω Ñ Ω ptq the ALE mapping of the reference domain p Ω Ă R 3 into the current configuration Ω ptq Ă R 3 . The spatial coordinates of the current and reference configurations are here referred as x and X, respectively. By denoting with p u the domain velocity, the dimensionless Navier-Stokes equations in ALE (convective) formulation in the physical unknowns pu, pq, which represent the fluid velocity and pressure in the current configuration Ω ptq , read: find, for all t P p0, T q, u : Ω ptq Ñ R d and p : Ω ptq Ñ R such that: N " H for all t P p0, T q, where we consider either Dirichlet or natural BCs [6, 7] , the latter defined in terms of the total momentum flux:
as we will detail in Sec. 2.4. In general, the Dirichlet and natural BCs are expressed in terms of the vector fields g and G, as:
respectively, where n indicates the outward directed unit vector normal to Γ ptq N .
Boundary conditions for physiological flows in the left ventricle
We prescribe physiological BCs for the Navier-Stokes equations (2.2) , that are suitable to account for the valves in the idealized LV as orifices of infinitesimal thickness located on the LV equatorial plane. On the subset of the boundary BΩ (t) corresponding to the muscle LV walls, say Γ W,ptq , we impose the so-called no-slip condition for any t P p0, T q, i.e. a Dirichlet BC which reads: [67] . A zero velocity BC, i.e. u " 0, is associated to a valve in closed configuration, while a natural BC (defective, resisistive, ...) to an open one. However, a common practice [2, 3, 23, 24, 25, 56] considers the prescription of a velocity profile on Γ MT , i.e. a Dirichlet BC on Γ MT representing the inlet boundary during the diastolic phase. However, this practice is too simplistic and leads to model blood flows in the LV which are not physiological; see [74] . In this section, we focus on the open phase of each valve.
Treatment of the open aortic valve
For modeling the open aortic valve, which is represented as the outlet LV boundary during the systole, resistance (or defective) BCs at Γ AO [6, 7, 78] can be considered to ensure realistic simulations. Specifically, we prescribe at the aortic valve orifice a resistance BC of the natural type, similarly to [6, 7] , i.e. the BC in Eq. (2.4b) with the prescribed stress on Γ ptq N decomposed in its normal and tangential components as G " G K n`G t, with t the unit tangent vector to Γ ptq N ; we observe that at this stage Γ ptq N " Γ AO . Specifically, by setting G " 0 and G K "´pC out Q AO out`P V q, the tangential stresses are zero, while the normal stress is proportional to the flowrate Q AO out on the boundary Γ AO through the coefficient C out up to the constant P V . The former (C out ) represents a resistance constant, whose values can be obtained by in vivo measurements [69] (its dimensional units are dyn¨s/cm 5 ), while P V sets a physiologically realistic pressure
We anticipate that numerical instabilities may arise with natural BCs on Γ AO in the presence of backflow reversal [60] , an aspect which is crucial in blood flow simulations and requires a careful treatment. Several methods have been proposed for the treatment of outlets to preserve numerical stability [12, 60] . We will address this issue with the ENM formulation in Sec. 3.
Treatment of the open mitral valve
The mitral valve can be referred as the inlet boundary through which the LV is filled during diastole. Two different filling phases can be distinguished during diastole: a first rapid filling phase, called E-wave, characterized by high flowrate values, and a second one, called A-wave, caused by the atria contraction; the two maxima of the volumetric discharge Qptq in Fig. 2a correspond to the E-and A-waves, respectively. There is a strong dependence of the intraventricular fluid dynamics on the inflow velocity [2] , and specifically, on the intensity of the E-and A-waves, as well as the size and shape of the mitral valve orifice.
The general lack of accurate clinical data describing the inflow velocity profile through the mitral valve in a quantitative manner prevents the use of Dirichlet BCs for the open valve phase; indeed, the velocity field at Γ MT should be considered as an unknown of the LV blood flow problem. The use of a natural boundary condition for the open configuration in place of an imposed inlet profile, removes the need to make such choice a priori. Specifically, we will consider a resistance BCs of the natural type similarly to that imposed at the outlet. Nevertheless, such natural BC may still lead to unrealistic velocity profiles at the mitral valve because the standard resistance BC is too simplistic to account for an inflow associated to a moving domain. In order to prevent unrealistic inflow profiles, we propose a regularization term to be added to the standard resistance BC. This weakly penalizes the inflow velocity profiles which are too dissimilar from the parabolic one and it is based on the second-order Laplace-Beltrami operator; in this manner, the BC of Eq. (2.4b) reads:´Φ pu´p u; u, pqn´Ą α
where Ą α MT is a positive real parameter and the prescribed stress G is set as in Sec. 2.4.1; in this case we have Γ ptq N " Γ MT . To investigate the dependence of the intraventricular fluid dynamics on the inlet condition, we will also consider a more standard approach where an inflow velocity profile is prescribed at the valve through Dirichlet BCs. Specifically, we impose a pulsatile periodic inlet flow profile compatible with the flowrate Qptq of Fig. 2a by considering a parabolic-type profile at Γ MT . We assume a circular shape for the mitral valve denoting with MT the eccentric position of the mitral orifice with respect to the vertical axis of the LV and with r MT the radius of the mitral orifice, respectively. Then, we characterize the function g MT defining the Dirichlet BC in Eq. (2.4a) for Γ MT as:
and q : p0, T q Ñ R a vector and a scalar valued functions, respectively. Specifically, by considering dimensionless quantities for MT and r MT , we define
P¯w here a P and b P define the paraboloid with unitary volume passing through the valve boundary. Moreover, qptq " Q MT ptqχ tQ MT ptqą0u is defined in terms of the dimensionless counterpart of the inlet flowrate Q MT ptq " Qptq´Q W ptq, which can be exactly computed at each time instant by the evaluation of Qptq (Fig. 2a) and the analytical expression of 
Numerical approximation of the Navier-Stokes equations
We approximate the Navier-Stokes equations (2.2) complemented with the BCs of Sec. 2.4 by considering NURBS-based IGA in the framework of the Galerkin method [4, 6, 19, 21] for the spatial approximation, and the generalized-α method [17, 43, 81] for the time discretization. However, accounting for the valves functioning through BCs switching in time from essential to natural and viceversa, is far from being a trivial task from both the mathematical and numerical points of view. Indeed, the Dirichlet and natural subsets of the boundary BΩ ptq vary during an heartbeat and correspond to Γ Moreover, from the discrete point of view, both the size and the structure of the associated discrete problem change and all these drawbacks could considerably affect the computational performances. In order to circumvent these difficulties, we use the Extended Nitsche's method (ENM) for mixed time-varying (MTV) BCs for the Navier-Stokes equations [76] which prevents the use of time varying function spaces. Moreover, the formulation additionally features the occurrence of the numerical instabilities due to the partial or total flow reversal associated to resistance BCs of Sec. 2.4.1.
Finally, we consider the Variational Multiscale Method (VMS) for the Navier-Stokes equations with terms accounting for Large Eddy Simulation (LES) modeling of [5] to obtain a stabilized Galerkin formulation of the Navier-Stokes equations satisfying the Babuška-Brezzi condition [13, 65] The use of the VMS-LES formulation allows also to control the numerical instabilities due to the advective regime occurring at high Reynolds numbers and to numerically model turbulence according to the LES paradigm.
Spatial approximation by IGA
In order to perform the spatial discretization by means of NURBS-based IGA, we firstly represent the reference domain p Ω as a NURBS geometry as described in Sec. 2.1. Specifically, let t p
A"1 be the control points and the set of NURBS basis functions defining the NURBS geometry through the mapping X "
In virtue of the affine covariance property holding for NURBS geometries, the discrete ALE mapping is defined as:
where td A ptqu
A"1 represents the set of the displacement vectors of the control points following the prescribed LV deformation. Consequently, the fluid domain motion and the representation of the current configuration Ω ptq are controlled by the displacement of these NURBS control points. Moreover, we define the space of NURBS in Ω ptq as the push-forward of the space
T the characteristic mesh size. Moreover, let the boundary Γ ptq be split into N eb subsets corresponding to the edges of the elements
V and we introduce the size h b of Γ b , for b " 1, . . . , N eb , by using the covariant element metric tensor G as h b " 2pt T Gtq´1 {2 , where t is the unit vector tangent to the boundary element BT b .
Semi-discrete formulation
The equations (2.2) are formulated in terms of the unknowns pu, pq in the current configuration expressed as a function of x P Ω ptq , for all t P p0, T q. When considering NURBS-based IGA in the framework of the Galerkin method, we look for an approximate solution as an element of the NURBS space N ptq h , i.e. u h px, tq "
A"1 are the control variables associated to the velocity and the pressure at t P p0, T q, respectively. Moreover, since the fluid domain deformation can be expressed in terms of N ptq A pxq, the fluid domain velocity in the current configuration is defined as p u h px, tq "
By strongly enforcing a non-slip condition for any t P p0, T q on Γ find, for all t P p0, T q, pu h , p h q P V ptq hˆQ ptq h such that:
Bppϕ, qq, pu, pq; p uq "
Moreover, the term I, accounting for the BCs of Sec. 2.4 imposed through the ENM for MTV BCs, reads:
where G is the function defining the resistance BC described in Sec. 2.4.1 used for the open valve, and g defines the no-slip BC mimicking the closed valve (ideally, in a fixed ventricle, we have g " 0). Φi n is the adjoint inflow total flux, which, within the ALE formulation, reads Φi n pu´p u; ϕq " pϕ b pu´p uqqχ tpu´p uq¨nă0u`2 Re Dpϕq, for which Φi n pu´p u; ϕqn " tpu´p uq¨nu´¨ϕ`2 Re Dpϕqn,
where tpu´p uq¨nu´" pu´p uq¨n´|pu´p uq¨n| 2 . The adjoint inflow total flux Φi n has been introduced in analogy with the weak enforcement of the Dirichlet BC for the advection-diffusion equation of [8] to handle ad hoc the BCs at the inlet and outlet subsets of the boundary. Indeed, if Γ b lays on an outlet boundary (for which u¨n ą 0), only the diffusive part of the total flux operator Φ is considered for the weighting function ϕ, while, if Γ b lays on an inlet boundary, we take into account both the diffusive and advective parts for the weighting function ϕ.
The last term in Eq. (3.5) is due to the flow regularization introduced in Eq. (2.6) and switches on only in correspondence of the mitral valve orifice in its open configuration by definition of the function α MT : Γ Vˆp 0, T q Ñ p0,`8q as α MT px, tq " Ą α MT χ txPΓ MT u χ tQptqą0u . The remaining boundary terms are associated to the weak imposition of the MTV BCs by means of the ENM and allow the simulation of the opening and closing phases of the valves by a suitable tuning of the function γ : Γ Vˆp 0, T q Ñ p0,`8q. Specifically, we observe that by taking the limit γ Ñ 8 in Eq. (3.5), we recover the original weak imposition of the Dirichlet BCs for the Navier-Stokes equations (2.2) presented in [8] in the ALE case. As a matter of fact, the weak imposition of Dirichlet BCs of [8] represents a particular case of the more general scheme that we initially proposed in [76] . Precisely, for γ Ñ 8, only the first three boundary terms of Eq. (3.5) play a role and are associated to the weak imposition of the essential BCs. The first one is the so called consistency term, while the other two are responsible for the weak enforcement of the Dirichlet data g, with the last term being penalty-like through the function ξ (its weight is ξ
AO
Re h b
).
Similarly to [8] , in such boundary term the dependency on h´1 b allows to recover the optimal rate of convergence, while the scaling with respect to Re yields dimensional consistency and automatically regulates the contribution of this boundary term depending on the flow regime. Still for γ Ñ 8, the last two boundary terms in Eq. BCs and assumes a stabilization role in preventing the occurrence of the numerical instabilities caused by the partial or total flow reversal through an outlet boundary. This boundary term can be compared to the artificial traction term proposed in [7] and further developed in [60] to prevent backflow divergence at outlet boundary. Finally, the fourth term in Eq. (3.5), corresponds to the standard weak imposition of natural BCs. Concerning the function ξ : Γ Vˆp 0, T q Ñ p0,`8q this is a positive, bounded, and time dependent real-valued function acting as a penalty function. Specifically, we observe that for γ Ñ 8 (i.e. for the weak imposition of the essential BCs on Γ V ) the larger is the value of ξ, the stronger is the penalization associated to such BCs. Conversely, for γ Ñ 0 (for the natural type BCs on Γ AO ) the smaller is the value of ξ, the larger is the contribution of the stabilization term preventing backflow divergence. Therefore, similarly to γ, we also consider ξ as a space-time dependent real positive function ξ : Γ Vˆp 0, T q Ñ R. Specifically, we suppose ξ to be a measurable bounded function for which there exist two positive constants such that 0 ă ξ 0 ă ξpx, tq ă`8 and 0 ă ξpx, tq ă ξ 8 ă`8 for all px, tq P N eb ď b"1 Γ bˆp 0, T q. Such constants, ξ 0 and ξ 8 , depend on the problem data (i.e. the Reynolds number Re and the shape of the domain), on local boundary inverse estimates, and on the order of interpolation used in the finite dimensional space; see [8, 18] . ξ 0 and ξ 8 can be estimated by extending the analysis of [75] performed for the simpler case of parabolic PDEs complemented with MTV BCs to the Oseen problem. Generally speaking, ξ 0 should be taken as "sufficiently small" and ξ 8 "large".
A guideline for choosing γ and ξ for the mitral and aortic valves at the diastolic and systolic phases of the heartbeat is sketched in Tab. 1. 
VMS-LES modeling of the Navier-Stokes equations in ALE formulation
For velocity and pressure discretization spaces based on polynomials or NURBS of the same degree p, the Babuška-Brezzi condition [13, 65] is not satisfied and we need to consider a stabilized Galerkin formulation of the Navier-Stokes equations. Several stabilized methods have been proposed in the literature, see e.g. [13] . However, in this work, we refer to the VMS-LES method [5, 6, 19, 20, 21, 34, 77] , since it yields a stable formulation, it controls numerical instabilities due to transport dominated regime, and it provides LES modeling of turbulence. The semi-discrete formulation of problem (3.3) with VMS-LES reads: find, for all t P p0, T q, pu h , p h q P V ptq hˆQ ptq h such that:
where R VMS ppϕ h , q h q, pu h , p h q; p u h q is defined as:
with Bppϕ h , q h q, pu h , p h q; p u h q and Fpϕ h , q h q defined in Eq. (3.4) ; the strong residuals of the momentum and mass equations Res M pu h , p h q and Res C pu h , p h q and the stabilization parameters τ M and τ C are given by:
9d)
G being the covariant metric tensor related to the geometrical mapping from the physical to the parametric coordinates η " pη 1 , . . . , η d q defined component-wise as
. The constant C I ą 0 is independent of the mesh size, but depends on the degree p of the NURBS basis functions, which, following an element-wise inverse estimate, we set as C I " 60¨2 p´2 [81] ; even if we have not formally introduced the time discretization yet, ∆t stands for the time step size.
In order to perform the time discretization of the semi-discrete scheme of Eq. (3.6), we use the generalized-α method [43, 81] coupled to a predictor-multicorrector algorithm at each time step, we refer the reader to e.g. [22] .
Numerical results: blood flow in the idealized left ventricle
In this section, we present the numerical study of the blood flow dynamics in an healthy idealized 3D LV with the prescribed wall motion described in Secs. 2.1-2.2. Specifically, in Sec. 4.1, we consider the treatment of both the valves through MTV BCs, thus assessing the formulation of Sec. 3, and we analyse the 3D blood flow inside the LV. Then, we analyse the dependence of the intraventricular flow on both the inflow velocity profile (Sec. 4.2) at the mitral valve and the shape of the mitral valve orifice (Sec. 4.3) . A detailed analysis of the flow is performed by considering both instantaneous and phase-averaged quantities of interest as in [16] .
We consider the time dependent domain Ω ptq of Fig. 1 described in Sec. 2, with equatorial diameter Dptq and height Hptq being solutions of the systems of ODEs (2.1) with initial conditions Dp0q " D 0 " 3.4 cm and Hp0q " H 0 " 2D 0 , yielding D " 5.5 cm and H{D " 1.58 at the end of the diastolic phase, the latter being the mean values of human LV in healthy subjects [3, 54] . The domain Ω ptq is exactly represented by means of globally C 1 -continuous a.e. NURBS basis functions of degree p " 2 and for the NURBS space N h we use a mesh comprised of N el " 111,622 elements, for a total of 524,400 DoFs for the velocity and pressure variables.
The heartbeat period is set as T HB " 0.8 s and, following [73] , we define the time step by referring to the characteristic mesh size and velocity, corresponding to a dimensional time step ∆t " 8.65¨10´4 s. The initial condition of the fluid velocity reads upx, 0q " u 0 " 0 in Ω p0q . The blood is considered as a Newtonian fluid, with constant density ρ " 1.06 g{cm 3 and dynamic viscosity µ " 4¨10´2 g{pcm¨sq. Moreover, the constant for the resistance BCs of Sec. 2.4.1 is C out " 0. The numerical simulations have been performed in parallel with 80 cores on Deneb Cluster of EPFL; the linear solver used was GMRES with a two-level additive Schwarz preconditioner provided by Ifpack with Umfpack coarse solver. For the numerical study, we simulate up to ten heartbeats and we disregard initial three beats to remove non-physiological solutions from the analysis (in total 16 1 354 time steps are simulated for our analysis). The orifices of infinitesimal thickness representing the mitral and aortic valves and identifying the inlet and outlet subsets of the boundary are located on the upper part of the LV as shown in Fig. 3a . Specifically, unless otherwise specified, the dimensional eccentric position of the mitral valve with respect to the vertical axis of the LV is MT " p0.35, 0, 0q
T cm and the radius of the mitral orifice is r MT " 1.38 cm; the ones related to the aortic valve are AO " p´0.53, 0, 0q T cm and r AO " 1.19 cm, respectively. The latter values has been chosen by assuming a circular shape for both the valves with positions and sizes kept fixed in time independently of the LV base dilation and contraction; in particular, we refer to orifices with area equal to A MT " 5.98 cm 2 and A AO " 4.45 cm 2 for the mitral and aortic valves, respectively, according to physiological values reported by the University of Nebraska Medical Center.
Blood flow in the LV
We simulate the intraventricular blood flow patterns by solving the Navier-Stokes equations endowed with the MTV BCs for the treatment of both the aortic and mitral valves of Sec. 3. Specifically, by referring to Eq. (3.5), we set γpx, tq " 10 Fig. 4a .
In Fig. 4c , we report the evolution of the computed phase-averaged pressure field pptq during the heartbeat, which is defined as:
Here and in the following, we set N av " 7, corresponding to the last 7 heartbeats of the simulation.
The simulated blood flow in the idealized healthy 3D LV of Fig. 4b is visualized in Fig. 5 by considering the phase-averaged velocity field |u| defined as:
Moreover, due to the complexity of the blood flow, the velocity vector u plane (the projection of u over the planes) is visualized in Figs. 6-7 over the planes through the LV as reported in Fig. 4b , specifically, we consider the XZ and YZ planes passing through the origin (the center of the ellipsoid representing the LV) and the XY plane passing through the point p0, 0,´3q T cm. The velocity projected over the planes is visualized with different color scales with respect to the one of Fig. 5 .
At the beginning of the diastole, when the LV dilates and is filled with blood entering from the left atrium through the mitral valve, the velocity field inside the LV has a relatively small magnitude. The latter progressively increases in correspondence of the inflow jet through the mitral valve at the E-wave peak. At t " 0.13 s, two recirculating regions start to form, as we can see in Fig. 6 for both the XZ and YZ planes. However, as the time advances, the flow behaviour in these planes progressively differentiates. Specifically, at t " 0.23 s a large recirculation zone occupying the whole LV cavity can be observed in the XZ plane, in agreement with what reported in [16, 24] , as well as a smaller region near the LV apex which is visible during the entire diastolic phase. At the same time, the flow pattern through the YZ plane shows a nearly symmetric behaviour with two small vortexes which progressively interact and give rise to a complex flow pattern. By referring again to the XZ plane, we observe that the recirculating region -shortly after the A-wave -progressively moves to the left side of the plane, i.e. from the LV center to the septum wall, in agreement to [16] , allowing the flow to correctly and naturally redirect towards the aortic valve in view of the ejection at systole. At the systolic phase the aortic valve opens, while the mitral valve closes. During the entire systole, the highest velocity magnitude is detected near the aortic valve orifice and small recirculation regions are observed in the whole cavity; moreover, the vortical structures are expelled from the LV and the flow is progressively regularized.
The analysis of the flow through the XY plane emphasises the swirling motion of the fluid, which we further investigate through both the phase-averaged vorticity ω " ∇ˆu and the phase-averaged Q-criterion, say Q-criterion. The latter detects the regions of positive values of the second invariant of the velocity gradient tensor where:
see e.g. [41, 72] . In Fig. 8 , we show the volume rendering of the phase-averaged vorticity magnitude ω (Hz). We observe that, at the beginning of the diastolic phase, the blood flow exhibits small values of vorticity in the entire cavity until the strong jet through the mitral valve at the peak E-wave interacts with the quiescent fluid and the shear layer forms a vortex ring [16, 24] . The latter grows in size and is determined by high values of vorticity in the diastolic phase, visible in Figs. 5d-5e. The part of the vortex ring interacting with the LV wall leads to its quick dissipation; however, several small vortexes of medium intensity remain and fill the whole LV cavity during the remaining part of the diastolic phase. The decrement of the inlet flow intensity determines the dissipation of the smallest vortex structures by viscous dissipation mechanisms, with a progressive decay of vorticity magnitude in the entire LV. In the systolic phase, we observe small values of vorticity, while high values are instead detected in proximity of the aortic valve at the peak of the systolic phase. This behaviour, which is in agreement with the numerical results in literature [16, 59, 82] , is due to the narrowing of the LV for which the blood is ejected through the aortic valve at high pressure values. The vorticity decreases in the entire cavity at this stage. In order to better highlight the vortex structures, we report in Fig. 9 the phase-averaged Q-criterion. Specifically, the vortex ring developing at the mitral valve at the early diastole is clearly visible in Fig. 9 , where we can also observe its motion toward the apex and its break up into smaller vortex structures that almost completely fill the LV cavity during the diastolic phase and progressively decay, until the beginning of the systolic phase, when these are convected and stretched toward the aortic valve by assuming an elongated shape [16] . The presence of unsteady vortexes at several spatial scales, their mutual interactions, the rapid variation of the velocity magnitude through the different phases of the heartbeat, and high Reynolds number, yield a fluid regime varying from laminar to transitional, or eventually turbulent. A useful indicator to detect both the transitional nature of the fluid varying from laminar to nearly turbulent over each heartbeat and the cycle-to-cycle variations is the fluctuating kinetic energy (E FKE ) which is defined as:
where:
is the root mean square velocity. In Fig. 10 , we report the energy E FKE in the LV during the entire heartbeat. We observe that at the beginning of the diastolic phase, E FKE assumes very small values in the whole LV cavity. Then, the formation of the vortex ring at the mitral valve causes the increment of E FKE . However the peak value of E FKE occurs during the decelerating phase between the E-and A-waves, showing that the interaction of the vortex ring with the wall and its disruption into smaller vortex structures causes high velocity fluctuations in the LV, large cycle-to-cycle variations, and eventually may lead to transition to turbulence. Specifically, the largest values of E FKE are obtained in the core of the recirculating zone [16] . The regularization of the flow occurring at the systolic phase corresponds to smaller values of E FKE in the whole LV, although we notice two regions, corresponding to the aortic valve and the recirculating region in the center of the cavity, where the E FKE assumes non-negligible values also at the peak of the outflow flowrate. Fig. 4b . Figure 8 : Volume rendering of the phase-averaged vorticity magnitude |ω| (Hz) at different times of the heartbeat (Fig. 4a) . Figure 9 : Volume rendering of the phase-averaged Q-criterion (Hz) at different times of the heartbeat (Fig. 4a) . Figure 10 : Volume rendering of the fluctuating kinetic energy E FKE (cm 2 /s 2 ) at different times of the heartbeat (Fig. 4a) . We consider additional indicators for the study of the blood flow, specifically the total kinetic energy and the enstrophy in the LV (see Figs. 11-12 ). The kinetic energy E K is largely used as indicator of diastolic dysfunction or heart failure in clinical diagnosis; see [45] and references therein. We report in Figs. 11a and 11b the computed kinetic energy E K and density of the kinetic energy ρ E K vs. time, which are defined as 6) respectively, for all t P p0, T q, where V ptq is the LV volume. The behaviour of the kinetic energy E K reported in Fig. 11a is in full qualitative agreement with that reported in [45] for experimental results obtained from patient-specific 4D CT scans. With respect to [45] , the computed values of E K are underestimated by a factor about three, probably due to the different domains (idealized vs. patient-specific) under consideration and the inclusion of the aortic valve root. By considering both Figs. 11a and 11b, we observe that the largest values of these quantities are achieved shortly after the peak E-wave, because the kinetic energy of the blood is stored inside the primary vortex developing in the cavity following the interaction of the jet coming from the mitral valve with the quiescent fluid in the LV. The relatively small variation of the kinetic energy over the heartbeat is an indicator of the fact that the blood flow does not assume a fully turbulent regime which would instead yield a significant loss of energy. Finally, we report the behaviour of the enstrophy E, as a measure of the total vorticity in the LV, and its density ρ E , defined as
respectively, for all t P p0, T q. The results of Figs. 12a and 12b show that, in the late diastole the enstrophy decays slower than the kinetic energy, while, during the systolic phase, more rapidly.
Results for a prescribed inflow velocity profile at the mitral valve
In Sec. 2.4.2, we stressed the fact that the treatment of the mitral valve and specifically the inflow velocity profile has a crucial role on the blood flow patterns developed in the LV. In this section, we compare the blood flow patterns obtained in Sec. 4.1 with those obtained by a prescribed Dirichlet BCs at the mitral valve weakly set through the ENM. Specifically, we consider the parabolic profile defined in Sec. 2.4.2. In Fig. 13 , we report the phase-averaged velocity magnitude |u| obtained with the weakly imposed parabolic profile at the mitral valve and, in Figs. 14-15, the corresponding phase-averaged vorticity |ω| and Q-criterion. As expected, both the velocity field and the vortexes differ from the case when resistance BCs are instead considered at the mitral valve, especially at the end of the diastolic phase. Moreover, we notice that the different distribution of the flow leads to a larger number of vortex structures in the systolic phase for the prescribed velocity profile than with the MTV BC at the mitral valve. Indeed, by comparing Figs. 15m-15p to Figs. 9m-9p, we observe that the vortex structures fill the entire LV cavity and do not show an elongated shape as in the previous case and as expected in the literature [16, 59, 82] . We conclude that the use of MTV BCs both at the mitral and aortic valves yields more realistic results and allows better characterizations of the blood flow in the LV. Figure 13 : Phase-averaged velocity magnitude |u| (cm/s) at different times of the heartbeat (Fig. 4a) for a prescribed inflow velocity profile at the mitral valve. Figure 14 : Volume rendering of the phase-averaged vorticity magnitude |ω| (Hz) at different times of the heartbeat (Fig. 4a) for a prescribed inflow velocity profile at the mitral valve. Figure 15 : Volume rendering of the phase-averaged Q-criterion (Hz) at different times of the heartbeat (Fig. 4a) for a prescribed inflow velocity profile at the mitral valve.
Circular mitral valve Elliptic mitral valve
Inlet velocity profile Mitral valve orifice Inlet velocity profile Mitral valve orifice Figure 16 : Comparison between the inflow velocity profiles for the circular (on the left) and elliptic (on the right) mitral valves cases: inflow velocity profiles and highlighting of the prescribed mitral valve orifice at the peak E-wave time (t " 0.13 s).
Results for elliptic mitral valve
We compare the LV blood flow computed in Sec. 4.1 for a circular mitral valve to those obtained by assuming an elliptic shape valve. Specifically, we consider the part of boundary corresponding to the mitral valve as the region:
with MT " p0.40, 0, 0q T cm, b MT " 1.60 cm and a MT " 3 4 b MT , such that the mitral valve area is equal to the circular case. We highlight that in both cases we consider MTV BC with the regularization of Sec. 2.4.2 for the mitral valve.
In Fig. 16 , we compare the inflow velocity profiles obtained at the peak diastolic phase. Moreover, we observe that, for the elliptic mitral valve, the velocity assumes smaller values, being the inflow profile flatter than the one obtained in the circular orifice. Indeed, for the elliptic mitral valve the velocity magnitude inside the cavity is smaller during the whole diastolic phase, as can be observed by comparing Fig. 17 to Fig. 5 , in terms of the phase-averaged velocity |u|.
In order to better highlight the differences in the flow patterns inside the LV cavity, we also report in Figs. 18-19 the velocity vector u plane visualized over the planes through the LV as reported in Fig. 4b . Besides the intensity of the inflow jet, the most significant differences during the diastolic phase can be observed at time t " 0.23 s where the recirculation region occupies a smaller area and the velocity near the left ventricular wall assumes smaller values than with a circular orifice. Moreover, we notice that the symmetry of the velocity field in the Y Z plane is lost earlier in the circular case. The different flow pattern inside the cavity during the diastolic phase causes a different distribution of the flow at the beginning of the systolic phase when the velocity assumes smaller values (see Fig. 17l and Fig. 5l ). Moreover, in Fig. 19 we observe that at t " 0.65 s the small recirculation region is located closer to the right wall.
In Figs. 20 and 21 , we report the computed phase-averaged vorticity |ω| and the Q-criterion, respectively. We notice that the vorticity exhibit a similar behaviour to the case of the circular mitral valve (Fig. 8) . However, differences in the intensity of the inflow jet cause the development of a vortex ring that, albeit of similar shapes, is less intense; moreover, the vortex structures developing at late diastole are significantly different too. In the systolic phase, however, we observe a similar (Fig. 4a) for the elliptic mitral valve. (Fig. 4a) for the elliptic mitral valve. Both the kinetic energy E K ptq (Fig. 22 ) and the enstrophy Eptq (Fig. 23) , show qualitatively a similar behaviour, even if the peak value of E K , corresponding to the E-wave, for the elliptic valve is smaller than for the circular one (about 25%).
Conclusions
In this work, we extensively studied and critically discussed the blood flow in an idealized LV by means of numerical simulations. Our computational approach is based on the treatment of the mitral and aortic valves as MTV BCs of the Navier-Stokes equations; these BCs surrogate the valves' behaviour and allow more realistic blood flow in the LV than with prescribed velocity inflow and outflow profiles. At the numerical level, such MTV BCs are weakly enforced through the ENM yielding a straightforward numerical approach [44, 75, 76] . Our computational study highlights several features of the blood flow in a reference, idealized 3D LV, in particular phase-averaged velocity, vorticity, and vortex structures, as well as fluctuating energy, enstrophy, and total kinetic energy. In particular, the evolution of the latter provides a precious, synthetic indicator to characterize the LV blood flow along the heartbeat and can be used to highlight abnormal flow behaviours. Our study also clearly evidences that the ventricular blood flow is strongly affected by the inflow at the mitral valve and the shape of this orifice.
